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Introduction
Distinguishing structural change from long memory is notoriously difficult. Both features not only generate similar empirical behavior, such as a singularity in the spectrum at the zero frequency and significant autocorrelations at large lags, but the presence of long memory also decreases the rate of convergence for estimates of the mean. Mean changes are therefore hard to identify.
The testing problem is addressed by several papers such as Wang (2008) , Shao (2011) , Dehling, Rooch, and Taqqu (2013) , Iacone, Leybourne, and Taylor (2014) , Betken (2016) , and others, who employ a variety of competing testing principles. These are reviewed in Wenger, Leschinski, and Sibbertsen (2018) . It is found that self-normalized tests are robust against size distortions in finite samples and the CUSUM testing principle tends to be the most powerful. Overall the sup-Wald fixed-b test by Iacone, Leybourne, and Taylor (2014) and the self-normalized Wilcoxontype test by Betken (2016) are found to offer the best trade-off between size and power.
These findings motivate our contribution to combine the CUSUM testing principle with fixedbandwidth estimators for the long-run variance. To estimate the long-run variance, we apply both the standard fixed-b approach following Kiefer and Vogelsang (2005) and McElroy and Politis (2012) as well as the newly proposed frequency domain analogue of Hualde and Iacone (2017) that is referred to as the "fixed-m" approach. For the calculation of the autocovariances and the periodogram that these statistics rely on, we employ two different centering approaches: standard demeaning and an alternative demeaning approach that accounts for the possibility of a mean shift under the alternative.
In an extensive Monte Carlo simulation we examine the finite sample size and power properties of our tests in various settings. We further compare them with the sup-Wald fixed-b test by Iacone, Leybourne, and Taylor (2014) and the self-normalized Wilcoxon-type test by Betken (2016) and find that our tests outperform these competitors in terms of power, while maintaining comparable finite sample size properties.
The rest of the paper is structured as follows. Section 2 describes the model, its assumptions and provides and discusses our new CUSUM fixed-bandwidth tests. In Section 3, a Monte Carlo simulation is conducted and we compare our tests with existing procedures. Section 4 concludes.
Fixed-Bandwidth CUSUM Tests
We consider a single mean shift model where the stochastic process (y t ) t≥1 is generated by
for t = 1, ..., T.
(1)
Here, µ t = µ + β1(t ≥ t * ) for t ≥ 0 is a deterministic sequence of regression means that fulfills |µ t | < ∞. The coefficient β determines the magnitude of the possible mean shift, 1(t ≥ t * ) is an indicator function that depends on the location of the break point denoted by t * = τ * T , where · returns the integer part of its argument, and τ * ∈ (0, 1) denotes the break fraction. For the long-memory error term ( t ) t≥1 the following assumption holds.
Assumption 1. For T → ∞ there exists some |d| < 1/2 such that
where B d (s) is a (standard) fractional Brownian motion of type I and "⇒" denotes convergence in distribution in the Skorokhod space D[0, 1].
Our interest lies on testing the null hypothesis of no mean shift
against the alternative of a single mean shift
The CUSUM test for a change-in-mean is given by
with t = y t −ȳ and where σ 2 is the long-run variance. The search area in which the test statistic is calculated is restricted to 0 < τ 1 < τ 2 < 1. For the estimation of the long-run variance, we consider fixed-b estimators as introduced by Kiefer and Vogelsang (2005) and extended to long-memory processes by McElroy and Politis (2012) .
For the calculation of the empirical autocovariances we consider two alternative demeaning procedures: type-I demeaning that assumes a constant mean (β = 0) and type-II demeaning that allows for the possibility of a non-zero mean shift (β = 0) at sample fraction τ . Hence, with a type-I estimator the autocovariances are estimated under H 0 and with a type-II estimator and the correct choice of τ the autocovariances are estimated under H 1 .
The resulting fixed-b long-run variance estimators are given by
and
where k(·) is the user-chosen kernel function with bandwidth parameter B. Furthermore,
Here and in the following, we employ the commonly used Bartlett kernel given by k = 1 − |x| for |x| ≤ 1 and k(x) = 0, otherwise. y(τ ) and y(τ ) are the means of the first and second part of the sample that is split at sample fraction τ . Under the null hypothesis of no structural change both are consistent estimators for µ. Under the alternative,ȳ(τ * ) is consistent for µ and y(τ * ) for µ + β. Consequently, the demeaned process II t (τ * ) is mean zero for all t = 1, ..., T .
For B/T → 0 as T → ∞ the estimators in (4) and (5) are standard HAC estimators. In contrast to that, the fixed-b framework proposed by Kiefer and Vogelsang (2005) provides an alternative asymptotic theory, where it es assumed that B/T approaches a fixed constant b ∈ (0, 1] as T → ∞. That means that the bandwidth parameter B is selected such that an asymptotically non-zero fraction of the empirical autocovariances is considered. This has the consequence that the estimation is no longer consistent. The fixed-b estimator σ 2 b converges to σ 2 multiplied by a functional of a Brownian bridge process that depends on the kernel and b. In contrast to test statistics using standard HAC estimators that are often size distorted in finite samples, the resulting fixed-b tests have non-standard limit distributions, but better finite sample size control.
The type-II demeaning is motivated by the fact that the mean shift under the alternative introduces spurious autocorrelation. Equation (5) in Mikosch and Stărică (2004) implies for our mean-shift model in Equation (1) that the empirical autocovariance function at any fixed lag j fulfills
as T → ∞. This means that the autocovariance function is biased upwards by a constant that depends on the size and location of the mean shift. Since the long-run variance estimator σ 2 I,b in Equation (4) is a weighted average of all available empirical autocovariances, this introduces a positive bias under the alternative hypothesis. This bias is increasing in b and since the long-run variance estimate is used for the standardization of the centered partial sum of the process, this leads to a considerable power loss for larger values of b.
The partial sum of the type-II demeaned process II t (τ ) fulfills the following FCLT.
Lemma 1. For 0 < s, τ < 1 and under Assumption 1 we have
The proof of this and all following results can be found in the appendix. Lemma 1 shows that the partial sum of the process II t (τ ) demeaned withȳ(τ ) and y(τ ) converges to a generalized version of a fractional Brownian bridge that passes through zero at s = τ . We refer to this as a fractional Brownian bridge of type II.
As an alternative fixed-bandwidth approach Hualde and Iacone (2017) propose a frequencybased normalization that utilizes the first m periodogram ordinates local to the zero frequency and assumes the bandwidth m to be fixed as T → ∞. Depending on the type of demeaning this so-called fixed-m estimator is then given by
where I I (λ) = (2πT ) −1/2 T t=1 I t e iλt 2 and I II (λ, τ ) = (2πT ) −1/2 T t=1 II t (τ )e iλt 2 are the periodograms of the respective demeaned processes evaluated at the Fourier frequencies λ j = 2πj/T . Again, the estimator does not converge to the true long-run variance, but to σ multiplied by a functional of a (fractional) Brownian bridge.
The family of test statistics proposed here is obtained by combining the CUSUM testing principle in (3), with the type-I and type-II fixed-b and fixed-m normalizations in Equations (4) to (5) and (7) to (8). These are given by
where δ ∈ {b, m}.
The limiting distributions of these statistics are established in the following theorem.
Theorem 1. Under Assumption 1 we have under H 0 :
Here
The limiting distributions of the test statistics depend on the long-memory parameter d and reflect the user choices of the bandwidth, and the search area [τ 1 , τ 2 ]. Asymptotic critical values can be found in Tables 5 to 8 .
Simulation Studies
To examine the finite sample size and power properties of the proposed test statistics, we conduct a Monte Carlo simulation study. We consider an ARFIMA(1,d,0) process for t and choose The CUSUM fixed-b type-I test roughly holds its nominal size for all d and all sample sizes T when there are no short-run dynamics. If φ = 0.5, it also holds its nominal size, except for b ≥ 0.5 where it is oversized even at large sample sizes. In contrast, the type-II test does not exceed its nominal size, but it is conservative if φ = 0.5.
The CUSUM fixed-m tests show a similar pattern. For the CUSUM fixed-m type-I test, we observe that it does not exceed its size at all sample sizes T , bandwidths m, and d when φ = 0. If we have short-run dynamics in the sample, it is slightly oversized for small m and also slightly undersized for large m. The CUSUM fixed-m type-II test has a better size control at all CUSUM fixed-b type I size power (2014) choose for their sup-Wald fixed-b test).
In general, with increasing T the power increases and with increasing φ the power decreases.
The power also decreases with increasing d as usual for tests on a mean shift in long-memory CUSUM fixed-b type II size power time series. This is due to the fact that it is more difficult to observe a mean shift of fixed size in a more persistent time series.
As intended, the fixed-b type-II test which accounts for the mean shift in the long-run variance estimation generates power for all bandwidths b. Apart from that, it shows the same pattern as the type-I test and we suggest using b = 0.1.
When we compare both the type-I and type-II version of the fixed-b test, we observe that the type-II test has higher power than the type-I test for small d, but lower power in most cases for larger d and when short-run dynamics are present.
In case of the CUSUM fixed-m type-I test, we observe that it does not generate power for very small m, which is similar to the CUSUM fixed-b test of type I with large values of b. For larger m its power increases as the sample size increases and its power decreases when d increases. If we compare the setting with and without short-run dynamics, we observe that the power decreases as φ increases. The higher the bandwidth m, the higher is the power of the test when φ = 0. However, when φ = 0.5 we observe that the power does not monotonously increase with m.
Therefore, we suggest to use a bandwidth around m = 10.
The CUSUM fixed-m type-II test generates power at all bandwidths even when m = 1. When the sample size, the memory, or the AR coefficient increase, it shows the same pattern as the type-I test. Therefore, we also suggest to use m = 10 for the type-II test. Comparing both tests, we see that the type-I test with larger m possesses higher power than the type-II test when d increases.
Overall, when comparing the type-I and type-II tests, the type-II demeaning increases the power if the degree of memory is low, but the additional flexibility introduced through the two-sided demeaning approach costs power if d is large so that the means are hard to identify and the resulting limit distribution is wider.
If we compare the CUSUM fixed-b with the CUSUM fixed-m tests, we find that the fixed-m tests have superior power for φ = 0. However, when we have short-run dynamics in the series with an AR coefficient of φ = 0.5, we observe that the fixed-b tests perform better. To shed light on the relative efficiency of our tests compared to alternative approaches, we conduct a local power analysis with the recommended bandwidth parameters b = 0.1 and m = 10. We compare the proposed tests with the self-normalized Wilcoxon-type test of Betken (2016) and the sup-Wald fixed-b test of Iacone, Leybourne, and Taylor (2014) . The local alternative is of the form
where β is the shift size and k is a finite constant, as in Iacone, Leybourne, and Taylor (2014) .
The results are presented as functions of k in Figure 1 for φ = 0 (on the left hand side) and φ = 0.5 (on the right hand side). Throughout all simulations, we use a sample size of T = 500.
In absence of short-run dynamics we observe that the fixed-m type-I test is the most powerful test The CUSUM fixed-b tests are worse, with the type-I test providing better power results than the type-II test. However, they still offer better results across all specifications than the best existing tests.
If φ = 0.5, we observe that the CUSUM fixed-b type-I test is the most powerful test for d ≤ 0.2.
For d = 0.4, the CUSUM fixed-b type-I test and both CUSUM fixed-m tests perform equally well. For small d and small k the self-normalized Wilcoxon-type test also has good power properties, but overall the fixed-bandwidth CUSUM tests still provide better local power than its competitors.
Overall, we find that the self-normalized CUSUM tests outperform their competitors in terms of finite sample power, while maintaining good size properties. For practical applications we suggest to use the type-I version of the CUSUM fixed-m test with m = 10 that performs well for a wide range of scenarios.
Conclusion
While conventional CUSUM tests normalized with consistent estimates of the long-run variance are often found to be liberal in finite samples, the self-normalized versions proposed here provide good size control, while maintaining favorable power properties. The resulting test statistics therefore outperform competing approaches.
Both fixed-b and the newly proposed fixed-m approach of Hualde and Iacone (2017) are considered and we find that the fixed-m normalization based on the periodogram performs best for a wide range of scenarios.
While the type-II demeaning approach is dominated by the type-I approach if b is small or m is relatively large, practical applications with long dependence structures often require to use large b and small m. In these situations the type-II approach is favorable.
Under Assumption 1 we have
Therefore, it directly follows that
Now consider the fixed-m long-run variance estimator of type-I in Equation (7). Lemma 1 of Hualde and Iacone (2017) states that 
By analogous arguments, but replacing the fractional Brownian bridge B I (τ ) of type I with its type-II version B II (s, τ ) as defined in Lemma 1, we obtain for the type-II versions of the long-run variance estimates in Equations (5) and (8) that
From the CMT it follows that
Since the supremum is a continuous function of its arguments it follows that 
